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ABSTRACT We discuss a method for curve estimation based on n noisy

data; one translates the empirical wavelet coe�cients towards the origin by

an amount
p
2 log(n) � �=

p
n. The method is nearly minimax for a wide

variety of loss functions { e.g. pointwise error, global error measured in

L
p norms, pointwise and global error in estimation of derivatives { and

for a wide range of smoothness classes, including standard H�older classes,
Sobolev classes, and Bounded Variation. This is a broader near-optimality

than anything previously proposed in the minimax literature. The theory

underlying the method exploits a correspondence between statistical ques-
tions and questions of optimal recovery and information-based complexity.

This paper contains a detailed proof of the result announced in Donoho,

Johnstone, Kerkyacharian & Picard (1995).

1.1 Introduction

In recent years, mathematical statisticians have been interested in esti-

mating in�nite-dimensional parameters { curves, densities, images, .... A

paradigmatic example is the problem of nonparametric regression,

yi = f(ti) + � � zi; i = 1; : : : ; n; (1)

where f is the unknown function of interest, the ti are equispaced points on

the unit interval, and zi
iid� N (0; 1) is a Gaussian white noise. Other prob-

lems with similar character are density estimation, recovering the density

f fromX1; : : : ; Xn
iid� f , and spectral density estimation, recovering f from

X1; : : : ; Xn a segment of a Gaussian zero-mean second-order stationary

process with spectral density f(�).
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For simplicity, we focus on this nonparametric regression model (1) and

a proposal of Donoho & Johnstone (1994); similar results are possible in

the density estimation model (Johnstone, Kerkyacharian & Picard 1992,

Donoho, Johnstone, Kerkyacharian & Picard 1993). We suppose that we

have n = 2J+1 data of the form (1) and that � is known.

1. Take the n given numbers and apply an empirical wavelet transform

W
n
n , obtaining n empirical wavelet coe�cients (wj;k). This transform

is an order O(n) transform, so that it is very fast to compute; in fact

faster than the Fast Fourier Transform.

2. Set a threshold tn =
p
2 log(n) � �=

p
n, and apply the soft threshold

nonlinearity �t(w) = sgn(w)(jwj � t)+ with threshold value t = tn.

That is, apply this nonlinearity to each one of the n empirical wavelet

coe�cients, obtaining �̂jk = �(wjk). [In practice, shrinkage is only

applied at the �ner scales j � j0:]

3. Invert the empirical wavelet transform, getting the estimated curve

f̂
�
n(t).

The empirical wavelet transform is implemented by a pyramidal �lter-

ing scheme: for the reader's convenience, we recall some of its features in

the Appendix. The output of the wavelet thresholding procedure may be

written

f̂
�

n =
X
k

wj0;k�j0;k +
X

j�j0;k

�̂j;k j;k (2)

The `scaling functions' �j0;k = (�j0;k(ti); i = 1; : : : ; n) and `wavelets'

 j;k = ( j;k(ti); i = 1; : : : ; n) appearing in (2) are just the rows of Wn
n

as constructed above. The `wavelet' is typically of compact support, is

(roughly) located at k2�j and contains frequencies in an octave about 2j.

[We use quotation marks since the true wavelet  and scaling function � of

the mathematical theory are not used explicitly in the algorithms applied to

�nite data: rather they appear as limits of the in�nitely repeated cascade.]

A number of examples and properties of this procedure are set out in

Donoho et al. (1995). In brief, the rationale is as follows. Many functions

f(t) of practical interest are either globally smooth, or have a small number

of singularities (e.g. discontinuities in the function or its derivatives). Due

to the smoothness and localisation properties of the wavelet transform, the

wavelet coe�cients �jk(f) of such functions are typically sparse: most of

the energy in the signal is concentrated in a small number of coe�cients {

corresponding to low frequencies, or to the locations of the singularities. On

the other hand, the orthogonality of the transformW
n
n guarantees that the

noise remains white and Gaussian in the transform domain; that is, more

or less evenly spread among the coe�cients. It is thus appealing to use a

thresholding operation, which sets most small coe�cients to zero, while al-

lowing large coe�cients (presumably containing signal) to pass unchanged

or slightly shrunken.
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The purpose of this paper is to set out a broad near-minimax optimality

property possessed by this wavelet shrinkage method. We consider a large

range of error measures and function classes: if a single estimator is near

optimal whatever be the choice of error measure and function class, then

it clearly enjoys a degree of robustness to these parameters which may not

be known precisely in a particular application.

The empirical transform corresponds to a theoretical wavelet transform

which furnishes an orthogonal basis of L2[0; 1]. This basis has elements

(wavelets) which are in CR and have, at high resolutions, D vanishing mo-

ments. The fundamental discovery about wavelets that we will be using is

that they provide a \universal" orthogonal basis: an unconditional basis for

a very wide range of smoothness spaces: all the Besov classes B�
p;q[0; 1] and

Triebel classes F �
p;q[0; 1] in a certain range 0 � � < min(R;D). Each of these

function classes has a norm k �kB�
p;q

or k �kF�
p;q

which measures smoothness.

Special cases include the traditional H�older (-Zygmund) classes �� = B
�
1;1

and Sobolev Classes Wm
p = F

m
p;2.

These function spaces are relevant to statistical theory since they model

important forms of spatial inhomogeneity not captured by the Sobolev and

H�older spaces alone (cf. Donoho & Johnstone (1992), Johnstone (1994)).

For more about these spaces and the universal basis property, see the

Lemari�e & Meyer (1986) or the books of Frazier, Jawerth & Weiss (1991)

and Meyer (1990). Some relevant facts are summarized in the Appendix,

including the unconditional basis property and sequence space characteri-

sations of spaces that we use below.

De�nition. C(R;D) is the scale of all spaces B�
p;q and all spaces F

�
p;q which

embed continuously in C[0; 1], so that � > 1=p, and for which the wavelet

basis is an unconditional basis, so that � < min(R;D).

Now consider a global loss measure k � k = k � k�0;p0;q0 taken from the B�
p;q

or F �
p;q scales, with �

0 � 0. With �0 = 0 and p
0
; q
0 chosen appropriately,

this means we can consider L2 loss, Lp loss p > 1, etc. We can also consider

losses in estimating the derivatives of some order by picking �0 > 0. We

consider a priori classes F(C) taken from norms in the Besov and Triebel

scales with � > 1=p { for example, Sobolev balls.

In addition to the above constraints, we shall refer to three distinct zones

of parameters p = (�; p; q; �0; p0; q0) :

regular: R = fp0 � pg [ fp0 > p; (� + 1=2)p > (�0 + 1=2)p0g
logarithmic: L = fp0 > p; (� + 1=2)p < (�0 + 1=2)p0g
critical: C = fp0 > p; (� + 1=2)p = (�0 + 1=2)p0g:

The regular case R corresponds to the familiar rates of convergence usu-

ally found in the literature: for example with quadratic loss (�0 = 0; p0 = 2)

the regularity condition � > 1=p forces us into the regular case. The ex-

istence of the logaritmic region L was noted in an important paper by

Nemirovskii (1985): this corresponds to lower degrees of smoothness � of
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the function space F . The critical zone C separates R and L and exhibits

the most complex phenomena.

In general, an exactly minimax estimation procedure would depend on

which error measure and function class is used (e.g. Donoho & Johnstone

(1992)). The chief result of this paper says that for error measures and

function classes from either Besov or Triebel scales, the speci�c wavelet

shrinkage method described above is always within a logarithmic factor of

being minimax.

Theorem 1 Pick a loss k�k taken from the Besov and Triebel scales �0 � 0,
and a ball F(C;�; p; q) arising from an F 2 C(R;D), so that � > 1=p; and
suppose the collection of indices obey � > �

0 + (1=p � 1=p0)+, so that the
object can be consistently estimated in this norm. There is a rate exponent
r = r(p) with the following properties:

[1] The estimator f̂�n attains this rate within a logarithmic factor; with
constants C1(F(C);  ),

sup
f2F(C)

P (kf̂�n � fk � C1 � log(n)e1+eC+ �C1�r � (�
p
logn=n)r)! 0:

[2] This rate is essentially optimal: for some other constant C2(k � k;F)

inf
f̂

sup
f2F(C)

P (kf̂ � fk � C2 � log(n)eLC+eC� �C1�r � (�=
p
n)r)! 1:

The rate exponent r = r(p) satis�es

r =
� � �

0

� + 1=2
p 2 R (3)

r =
� � �

0 � (1=p� 1=p0)+

� + 1=2� 1=p
p 2 L [ C: (4)

The logarithmic exponent e1 may be taken as:

e1 =

8<
:

0 �
0
> 1=p0

1=min(1; p0; q0)� 1=q0 0 � �
0 � 1=p0; Besov Loss

1=min(1; p0; q0)� 1=min(p0; q0) 0 � �
0 � 1=p0; Triebel Loss

;

(5)

On R, all exponents eLC ; eC� vanish. On L, eLC = r=2 and eC� vanish.
On C, eLC = r=2 and the bounds eC� both have the form:

eC� =
1

p0

�
p
0

~q0
�
p

~q

�
+

;
for eC+ : ~q0 = p

0 ^ q0; ~q = p _ q
for eC� : ~q0 = p

0 _ q0; ~q = p ^ q:

On C, in certain cases, sharper results hold: (i) For Besov F and norm,
eC+ = eC�, with ~q0 = q

0 and ~q = q. (ii) For Besov F and Triebel norm,

for eC�, ~q
0 = p

0 and ~q = q, and further if q0 � p, eC+ = eC�.
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Remarks:

The index su�ces are mnemonic: eLC is non-zero only on L [ C, while
eC� are non-zero only in the critical case C.
Thus in the regular case R, when �0 > 1=p0, all indices e1; eLC; e� vanish,

and the upper and lower rates di�er by (logn)r=2. In fact, thresholding at

the �xed level
p
2 logn is necessarily sub-optimal by this amount (cf. e.g.

Hall & Patil (1994)): this is a price paid for such broad near-minimaxity.

In the logarithmic case L, if �0 > 1=p0, the upper and lower rates agree ,
and so the rate of convergence result for wavelet shrinkage is in fact sharp.
In the critical case C, the results to date are sharp (at the level of rates)

in certain cases when �
0
> 1=p0: (a) for Besov F and norm, and (b) for

Besov F and Triebel norm if also q0 � p.

By elementary arguments, these results imply similar results for other

combinations of loss and a-priori class. For example, we can reach similar

conclusions for L1 loss, though it is not nominally in the Besov and Triebel

scales; and we can also reach similar conclusions for the a-priori class of

functions of total variation less than C, also not nominally in C(R;D). Such
variations follow immediately from known inequalities between the desired

norms and relevant Besov and Triebel classes.

At a �rst reading, all material relating to Triebel spaces and bodies can

be skipped: we note here simply that they are of interest since the Lp-

Sobolev norms (for p 6= 2), including the Lp norm itself, lie within the

Triebel scale (and not the Besov).

Theorem 1 is an extended version of Theorem 4, announced without

proof in Donoho et al. (1995): to make this paper more self-contained,

some material from that paper is included in this one.

1.2 A Sequence Space Model

Consider the following Sequence Model. We start with an index set In of

cardinality n, and we observe

yI = �I + � � zI ; I 2 In; (6)

where zI
iid� N (0; 1) is a Gaussian white noise and � is the noise level. The

index set In is the �rst n elements of a countable index set I. From the n

data (6), we wish to estimate the object with countably many coordinates

� = (�I )I with small loss k�̂ � �k. The object of interest belongs a priori
to a class �, and we wish to achieve a Minimax Risk of the form

inf
�̂

sup
�

Pfk�̂ � �k > !g

for a special choice ! = !(�). About the error norm, we assume that it is

solid and orthosymmetric, namely that the coordinates

j�I j � j�I j 8I =) k�k � k�k: (7)



6 D. L. Donoho, I. M. Johnstone, G. Kerkyacharian, D. Picard

Moreover, we assume that the a priori class is also solid and orthosymmet-

ric, so

� 2 � and j�Ij � j�I j 8I =) � 2 �: (8)

Finally, at one speci�c point (21) below we will assume that the loss mea-

sure is either convex, or at least �-convex 0 < � � 1, in the sense that

k� + �k� � k�k� + k�k�; 1-convex is just convex.

Results for this model will imply Theorem 1 by suitable identi�cations.

Thus we will ultimately interpret

[1] (�I ) as wavelet coe�cients of f ;

[2] (�̂I ) as empirical wavelet coe�cients of an estimate f̂ ; and

[3] k�̂ � �k as a norm equivalent to kf̂ � fk.

We will explain such identi�cations further in section 1.7 below.

1.3 Solution of an Optimal Recovery Model

Before tackling data from (6), we consider a simpler abstract model, in

which noise is deterministic (Compare Micchelli (1975), Micchelli & Rivlin

(1977),Traub, J., Wasilkowski, G. & Wo�zniakowski (1988)). The approach

of analyzing statistical problems by deterministic noise has been applied

previously in (Donoho 1994b, Donoho 1994a). Suppose we have an index

set I (not necessarily �nite), an object (�I ) of interest, and observations

xI = �I + � � uI ; I 2 I: (9)

Here � > 0 is a known \noise level" and (uI) is a nuisance term known

only to satisfy juIj � 1 8I 2 I. We suppose that the nuisance is chosen by

a clever opponent to cause the most damage, and evaluate performance by

the worst-case error:

E�(�̂; �) = sup
juI j�1

k�̂(x)� �k: (10)

1.3.1 Optimal Recovery { Fixed �

The existing theory of optimal recovery focuses on the case where one

knows that � 2 �, and � is a �xed, known a priori class. One wants to

attain the minimax error

E
�

� (�) = inf
�̂

sup
�

E�(�̂; �):

Very simple upper and lower bounds are available.
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De�nition 1 The modulus of continuity of the estimation problem is


(�; k � k;�) = sup
�
k�0 � �

1k : �
0
; �

1 2 �; j�0I � �
1
I j � �; 8I 2 I

	
:

(11)

When the context makes it clear, we sometimes write simply 
(�).

Proposition 1

E
�

� (�) � 
(�)=2: (12)

Proof: Suppose �0 and �1 attain the modulus. Then under the observa-

tion model (9) we could have observations x = �
0 when the true underlying

� = �
1, and vice versa. So whatever we do in reconstructing � from x must

su�er a worst case error of half the distance between �1 and �0.

A variety of rules can nearly attain this lower bound.

De�nition 2 A rule �̂ is feasible for � if, for each � 2 � and for each
observed (xI) satisfying (9),

�̂ 2 �; (13)

j�̂I � xI j � �: (14)

Proposition 2 A feasible reconstruction rule has error

k�̂ � �k � 
(2�); � 2 �: (15)

Proof: Since the estimate is feasible, j�̂I � �I j � 2� 8I, and �; �̂ 2 �.

The bound follows by the de�nition (11) of the modulus.

Comparing (15) and (12) we see that, quite generally, any feasible pro-
cedure is nearly minimax .

1.3.2 Soft Thresholding is an Adaptive Method

In the case where � might be any of a wide variety of sets, one can imagine

that it would be di�cult to construct a procedure which is near-minimax

over each one of them { i.e. for example that the requirements of feasibility

with respect to many di�erent sets would be incompatible with each other.

Luckily, if the sets in question are all orthosymmetric and solid, a single

idea { shrinkage towards the origin { leads to feasibility independently of

the details of the set's shape.

Consider a speci�c shrinker based on the soft threshold nonlinearity

�t(y) = sgn(y)(jyj � t)+. Setting the threshold level equal to the noise

level t = �, we de�ne

�̂I

(�)
(y) = �t(xI); I 2 I: (16)
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This pulls each noisy coe�cient xI towards 0 by an amount t = �, and sets

�̂I

(�)
= 0 if jxIj � �. Because it pulls each coe�cient towards the origin by

at least the noise level, it satis�es the uniform shrinkage condition:

j�̂I j � j�I j; I 2 I: (17)

Theorem 2 The Soft Thresholding estimator �̂(�) de�ned by (16) is feasi-
ble for every � which is solid and orthosymmetric.

Proof: j�̂(�)I �xI j � � by de�nition; while (17) and the assumption (8) of

solidness and orthosymmetry guarantee that � 2 � implies �̂(�) 2 �.

This shows that soft-thresholding leads to nearly-minimax procedures

over all combinations of symmetric a priori classes and symmetric loss

measures.

1.3.3 Recovery from finite, noisy data

The optimal recovery and information-based complexity literature gener-

ally posits a �nite number n of noisy observations. And, of course, this is

consistent with our model (6). So consider observations

xI = �I + � � uI ; I 2 In: (18)

The minimax error in this setting is

E
�

n;�(�) = inf
�̂

sup
�

k�̂ � �k:

To see how this setting di�ers from the \complete-data" model (9), we

set � = 0. Then we have the problem of inferring the complete vector

(�I : I 2 I) from the �rst n components (�I : I 2 In). To study this, we

need the de�nition

De�nition 3 The tail-n-width of � in norm k � k is

�(n; k � k; �) = supfk�k : � 2 �; �I = 0; 8 I 2 In; g:

We have the identity

E
�

n;0(�) = �(n; k � k; �);

which is valid whenever both k � k and � are solid and orthosymmetric.

A lower bound for the minimax error is obtainable by combining the

n =1 and the � = 0 extremes:

E
�

n;�(�) � max(
(�)=2;�(n)): (19)
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Again, soft-thresholding comes surprisingly close, under surprisingly gen-

eral conditions. Consider the rule

�̂
n;� =

�
��(xI); I 2 In;
0; I 2 InIn

: (20)

Supposing for the moment that the loss measure k � k is convex we have

k�̂n;� � �k � 
(2�) + �(n); � 2 �: (21)

[If the loss is not convex, but just �-convex, 0 < � < 1, we can replace the

right hand side by (
(2�)� +�(n)�)1=�].

Comparing (21) and (19), we again have that soft-thresholding is nearly

minimax, simultaneously over a wide range of a-priori classes and choices

of loss.

1.4 Evaluation of the modulus of continuity

To go farther, we specialize our choice of possible losses k � k and a priori
classes � to members of the Besov and Triebel scales of sequence spaces.

and calculate moduli of continuity and tail n�widths.
These spaces are de�ned as follows. First, we specify that the abstract

index set I is of the standard multiresolution format I = (j; k) where

j � �1 is a resolution index, and 0 � k < 2j, is a spatial index. We

write equally (�I) or (�j;k), and we write I(j) for the collection of indices

I = (j; k) with 0 � k < 2j. We de�ne the Besov sequence norm

jj�jjq
b�
p;q

=
X
j��1

(2js(
X
I(j)

j�I jp)1=p)q (22)

where s � � + 1=2� 1=p, and the Besov body

��
p;q(C) � f� : jj�jjb�

p;q

� Cg:

Similarly, the Triebel body ��
p;q = ��

p;q(C) is de�ned by

jj�jjf�
p;q

� C;

where f�p;q refers to the norm

jj�jjf�
p;q

= k(
X
I2I

2jsqj�I jq�I)1=qjjLp[0;1]; (23)

�I stands for the indicator function 1[k=2j;(k+1)=2j), and s � � + 1=2. We

remark, as an aside, that Besov and Triebel norms are �-convex, with � =

min(1; p; q), so that in the usual range p; q � 1 they are convex.



10 D. L. Donoho, I. M. Johnstone, G. Kerkyacharian, D. Picard

These sequence norms are solid and orthosymmetric, the parameters

(�; p; q) allow various ways of measuring smoothness and spatial inhomo-

geneity, and they correspond to function space norms of scienti�c relevance

(references in Appendix).

Theorem 3 (Besov Modulus) Let k � k be a Besov norm with parameter
(�0; p0; q0) (cf. (22)). Let � be a Besov body ��

p;q(C), and suppose that
� > �

0 + (1=p� 1=p0)+. Then for 0 < � < �1(C),


(�; C) �
�
C
1�r

�
r p 2 R [L

C
1�r

�
r log(C=�)eC p 2 C (24)

where the rate exponent r is given in (3,4), eC = (1=q0 � (1� r)=q)+, and
the constants of equivalence ci = ci(p).

[Here A(�) � B(�) means that there exist constants ci such that 0 <

c1 � A(�)=B(�) � c2 <1 for all �.]

Here is the plan for the proof of Theorem 3 { We �rst consider an optimal

recovery problem corresponding to a single resolution level (Lemma 4).

Using a modi�ed modulus 
o de�ned below this is applied to the regular

and logarithmic cases. The critical case is deferred to the Appendix.

De�nition 4 W (�; C; p0; p; n) is the value of the n-dimensional constrained
optimization problem

sup k�kp0 s.t. � 2 Rn
; k�kp � C; k�k1 � �: (25)

A vector � which satis�es the indicated constraints is called feasible for
W (�; C; p0; p; n).

Remark: This quantity describes the value of a certain optimal recovery

problem. Let �n;p(C) denote the n-dimensional `p ball of radius C; then

W (�; C; p0; p; n) = 
o(�; k � kp0 ;�n;p(C)). Our approach to Theorems 3 and

8 will be to reduce all calculations to calculations for W (�; C; p0; p; n) and

hence to calculations for `p balls. In some sense the idea is that Besov

bodies are built up out of `p balls.

Lemma 4 We have W � W
�, where we de�ne

W
�(�; C; p0; p; n) =

�
min(�n1=p

0

; Cn
1=p0�1=p); 0 < p

0 � p �1;

min(�n1=p
0

; �
1�p=p0

C
p=p0

; C); 0 < p � p
0 �1:

(26)

In the �rst case W = W
�, and moreover even the second case is a near-

equality. In fact in both cases of (26) there are an integer n0 and a positive
number �0 obeying

1 � n0 � n; 0 < �0 � �
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so that the vector � de�ned by

�1 = �2 = : : : = �n0 = �0; �n0+1 = : : : = �n = 0

is feasible for W (�; C; p0; p; n) and satis�es k�kp0 = �0n
1=p0

0 , and

�0n
1=p0

0 � W (�; C; p0; p; n) � �0(n0 + 1)1=p
0

: (27)

Moreover, if 0 < p
0 � p �1, we have

n0 = n; �0 = min(�; Cn�1=p);

and there is exact equality �0n
1=p0

0 = W (�; C; p0; p; n) and W = W
�. On the

other hand, if 0 < p � p
0 � 1 then

n0 = min(n;max(1; b(C=�)pc)); and �0 = min(�; C); (28)

and W � also satis�es (27). In both cases,

W (�; C) � �
1�p=p0

C
p=p0

: (29)

Thus, if p0 � p, a 'least favorable' feasible vector is dense, lying along the
diagonal c(1; : : : ; 1), with the extremal value of c determined by the more

restrictive of the `1 and `p constraints. On the other hand, if p0 � p, the

(near) least favorable vectors may be sparse , with the degree of sparsity

determined by C=�. Beginning with the dense case with all non-zero co-

ordinates when � < Cn
�1=p, the sparsity increases with � through to the

extreme case, having a single non-zero value when � > C. Geometrically,

picture an expanding cube of side 2�, at �rst wholly contained within the

`p ball of radius C, then puncturing it and �nally wholly containing it. We

omit the formal proof, which amounts to applying standard inequalities

(upper bounds) and verifying the stated results (lower bounds).

We now de�ne a modi�ed modulus of continuity which is more convenient

for calculations involving Besov and Triebel norm balls.


o(�; jj � jj;�) = supfjj�jj : � 2 �; j�jI � � 8 I 2 Ig:

Assuming that 0 2 �, that � = �(C) = f� : jj�jj� � Cg, and that jj � jj�
is ��convex, then it follows easily that


o(�) � 
(�) � 21=�
o(2�1=��): (30)

We sometimes write 
o(�; C) to show explicitly the dependence on C.

We now apply this result to Theorem 3. We assume that we are not in

the critical case (which itself is treated in the Appendix.) We will use the
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following notational device. If � = (�I)I2I then �(j) is the same vector with

coordinates set to zero which are not at resolution level j:

�
(j)

I =

�
�I I 2 I(j)

0 I 62 I(j) :

We de�ne 
j � 
j(�; C;p) by


j � supfk�(j)kb�0

p0;q0

: k�(j)kb�
p;q

� C; k�(j)k1 � �g:

Then, using the de�nition of 
 and of the Besov norms along with (30)

k(
j)jk`1 � 
 � 21=�k(
j)jk`q0 :

Now applying the de�nitions,


j = 2js
0

W (�; C2�js; p0; p; 2j) = 2js
0

Wj(�; C2
�js);

say, with W �
j (�; C) de�ned similarly. Here is the key observation. De�ne a

function of a real variable j:


�(j) = 2js
0

W
�(�; C2�js; p0; p; 2j);

Then, as soon as � < C,

sup
j2R


�(j) = �
r
C
1�r

;

as may be veri�ed by direct calculation in each of the cases concerned.

Let j� be the point of maximum in this expression. Using the formulas for

W
�
j (�; C2

�js), we can verify that, because we are not in the critical case,

s
0
p
0 6= sp, and

2��0jj�j
�
j � 
�(j)=
�(j�) � 2��1jj�j

�
j (31)

with exponents �i = �i(p) > 0. We can also verify that for � < C, j� > 1.

In the regular case, 2j� = (C=�)1=(s+1=p) and we choose j0 = bj�c so that

(in the notation of Lemma 4) nj0 = n : we call this the 'dense' case in

Theorem 8 below. In the logarithmic case, 2j
�

= (C=�)1=s and we choose

j0 = dj�e, so that nj0 = 1 : this is called the `sparse' case below. In each

case, jj0 � j
�j < 1, and from (27)

(1 + 1=nj0)
1=p0 �
j0 � 
�(j0) � 2��0�rC1�r;

on the other hand, using the formulas for W �
j (�; C2

�js),


j � 
�(j) � 2��1(jj�j0j�1) � �rC1�r
:
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Because (28) guarantees nj0 � 1, it follows that

c0�
r
C
1�r � 
j0 � 
 � 21=�k(
j)jkq0 � c1�

r
C
1�r

:

What if k � k or �, or both, come from the Triebel Scales? A norm from

the Triebel scale is bracketed by norms from the Besov scales with the same

� and p, but di�erent q's:

a0k�kb�

p;max(p;q)

� k�kf�
p;q

� a1k�kb�

p;min(p;q)

(32)

(compare Peetre (1975, page 261) or Triebel (1992, page 96)). Hence, for

example,

��
p;min(p;q)(C=a1) � ��

p;q(C) � ��
p;max(p;q)(C=a0);

and so we can bracket the modulus of continuity in terms of the modulus

from the Besov case, but with di�ering values of q,q0. By (24), the qualita-

tive behavior for the modulus in the Besov scale, outside the critical case

(� + 1=2)p = (�0 + 1=2)p0, p0 > p, does not depend on q,q0. Hence, the

modulus of continuity continues to obey the same general relations (24)

even when the Triebel scale is used for one, or both, of the norm k � k and
class �.

In the critical case, we can at least get bounds; for example in the Triebel

norm, Triebel body case, combining (24) with (32) gives, for 0 < � < �1(C)

c0 �C(1�r)
�
r log(C=�)e

�

2 � 
(�) � c1 �C(1�r)
�
r log(C=�)e

+
2 (33)

with e+2 = (1=min(q0; p0)� (1� r)=max(p; q))+ and e�2 = (1=max(p0; q0)�
(1� r)=min(p; q))+.

The next result shows that the Triebel norms can lead to genuinely dif-

ferent results that the Besov: it would apply, for example, to certain Lp

and Lp� Sobolev loss functions when p 6= 2.

Theorem 5 (Triebel modulus, critical case) Let k � k be a member of the
Triebel scale and � a Besov body ��

p;q(C). Suppose that � > �
0+(1=p�1=p0)

and that we are in the critical case p0 � p, (�+1=2)p = (�0+ 1=2)p0. Then


(�; C) � c0C
1�r

�
r(logC=�)(1=p

0
�(1�r)=q)+ � < �0(C) (34)

and if q0 � p, the right side (with a di�erent constant c1) is also an upper
bound for 
(�).

Remark: This result is an improvement on the lower bound of (33) when

p
0
< q

0 and an improvement on the upper bound when q0 < p
0 (and q0 � p).
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Proof: We establish the lower bound here, and defer the upper bound

to the Appendix. Write

k�kp
0

f = k�kp
0

f�
0

p0 ;q0

=

Z 1

0

(
X
jk

j�jkjq
0

2s
0q0j

�j;k)
p0=q0 =

Z 1

0

f
p0=q0

� (t);

where we identify �j;k with �I and (j; k), 0 � k < 2j with I. We take

the choice of parameters used in the Besov modulus lower bound (critical

case), and attempt to maximise jj�jjf by \stacking" up the coe�cients �I .

Thus, let ja; jb be de�ned as above, and set

�jk =

�
� 1 � k � nj ; ja � j < jb

0 otherwise.

where nj = [mj ], mj = (�c��12�js)p and �c = C(jb � ja)
�1=q. By construc-

tion, � 2 ��
p;q(C) and k�k1 = �. The sequence �j = nj2

�j is decreasing,

and so

k�kp
0

f = �
p0
Z 1

0

(
X
j

2s
0q0j

Ift � �jg)p
0=q0

dt

= �
p0
X
j

Z �j

�j+1

(
X
���j

2s
0q0��)p

0=q0
dt

� �
p0

jbX
ja

2s
0p0j(�j � �j+1):

Since C��12�sj+ � 1, it is easily checked that nj >> 1 for j � jb and that

�j+1 < �j=2. Consequently

k�kp
0

f � 1
2
�
p0
Pjb

ja
2(s

0p0�1)j
nj � 1

2
�
p0�p

C
p(jb � ja)

1�p=q
; (35)

since, in the critical case s0p0 = (�0 + 1=2)p0 = (� + 1=2)p = sp+ 1, and so

2(s
0p0�1)j

mj = �cp��p. Hence 
0 and hence 
 satisfy the claimed (34).

In addition to concrete information about the modulus, we need concrete

information about the tail-n-widths.

Theorem 6 Let k � k be a member of the Besov or Triebel scales, with
parameter (�0; p0; q0). Let � be a Besov body ��

p;q(C) or a Triebel Body
��
p;q(C). Suppose � = � � �

0 � (1=p� 1=p0)+ > 0. Then

�(n; k � k;�) � n
��

n = 2J+1;

with constants ci = ci(p).
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De�nition 5 D(C; p0; p; n) is the value of the n-dimensional constrained
optimization problem

sup k�kp0 s.t. � 2 Rn
; k�kp � C: (36)

A vector � which satis�es the indicated constraints is called feasible for
D(C; p0; p; n).

Since D(C; p0; p; n) = W (1; C; p0; p; n), we have immediately upper

bounds from Lemma 4. More careful treatment gives the exact formula

D(C; p0; p; n) = Cn
(1=p0�1=p)+ : (37)

Proof of Theorem 6. We consider the case where both loss and a priori

class come from the Besov scale. Other cases may be treated using (32)

and the observation that the exponent in (38) does not depend on (q; q0).

De�ne

�j = �j(C;p) = supfk�(j)kb�0

p0;q0

: k�(j)kb�

p;q

� Cg

we note that

�J+1 � �(n) � k(�j)j�J+1kq0 :

Now comparing de�nitions and then formula (37), we have

�j = 2js
0

D(C2�js; p0; p; 2j) = C2�j�; j � 0:

Consequently

k(�j)j�J+1kq0 � �J+1 � (
X
h�0

2�h�q)1=q; � = �(p):

Combining these results, we have

�(n) � 2�(J+1)�; n = 2J+1 !1: (38)

1.5 Statistical Sequence Model: Upper Bounds

We now translate the results on optimal recovery into results on statistical

estimation.

The basic idea is the following fact (Leadbetter, Lindgren & Rootzen

1983): Let (zI) be i.i.d. N (0; 1). De�ne

An =
n
k(zI)k`1

n
�
p
2 logn

o
;

then

�n � ProbfAng ! 1; n!1: (39)
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In words, we have very high con�dence that k(zI)Ik`1
n
�
p
2 log(n). This

motivates us to act as if noisy data (6) were an instance of the deterministic

model (18), with noise level �n =
p
2 logn � �. Accordingly, we set tn = �n,

and de�ne

�̂I

(n)
=

�
�tn(yI); I 2 In;
0; I 2 InIn

(40)

Recall the optimal recovery bound (21) (case where triangle inequality

applies). We get immediately that whenever � 2 � and the event An holds,

k�̂(n) � �k � 
(2�n) + �(n);

as this event has probability �n we obtain the risk bound

Theorem 7 If k � k is convex then for all � 2 �,

Pfk�̂(n) � �k � 
(2�n) + �(n)g � �n; (41)

with a suitable modi�cation if k � k is �-convex, 0 < � < 1.

This shows that statistical estimation is not really harder than optimal

recovery, except by a factor involving
p
log(n).

1.6 Statistical Sequence Model: Lower Bounds

With noise levels equated, � = �, statistical estimation is not easier than

optimal recovery:

inf
�̂

sup
�

Pfk�̂ � �k � max(�(n); c
(�))g ! 1; � = �=
p
n! 0: (42)

Half of this result is nonstatistical; it says that

inf
�̂

sup
�

Pfk�̂ � �k � �(n)g ! 1 (43)

and this follows for the reason that (from section 1.3.3) this holds in the

noiseless case. The other half is statistical, and requires a generalization of

lower bounds developed by decision theorists systematically over the last

15 years { namely the embedding of an appropriate hypercube in the class

� and using elementary decision-theoretic arguments on hypercubes. Com-

pare (Samarov 1992, Bretagnolle & Huber 1979, Ibragimov& Khas'minskii

1982, Stone 1982).

Theorem 8 Let k �k come from the Besov or Triebel scale, with parameter
(�0; p0; q0). Let � be a Besov body ��

p;q(C). Then with a c = c(p)

inf
�̂

sup
�

Pfk�̂ � �k � c
(�; C)g ! 1: (44)
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Moreover, when p0 > p and (� + 1=2)p � (�0 + 1=2)p0, (and, in the critical
Triebel case, under the extra hypothesis that q0 � p) we get the even stronger
bound

inf
�̂

sup
�

Pfk�̂� �k � c
(�
p
log(��1); C)g ! 1: (45)

The proof of Theorem 3 constructed a special problem of optimal recov-

ery { recovering a parameter � known to lie in a certain 2j0-dimensional `p

ball (j0 = j0(p)), measuring loss in `p
0

-norm. The construction shows that

this �nite-dimensional subproblem is essentially as hard (under model (9))

as the full in�nite-dimensional problem of optimal recovery of an object in

an �; p; q-ball with an �
0
; p
0
; q
0-loss. The proof of Theorem 8 shows that,

under the calibration � = �, the statistical estimation problem over this

particular `p ball is at least as hard as the optimal recovery problem, and

sometimes harder by an additional logarithmic factor.

1.6.1 Proof of Theorem 8

The proof of Theorem 3 identi�es a quantity 
j0 , which may be called the

di�culty of that single-level subproblem for which the optimal recovery

problem is hardest. In turn, that subproblem, via Lemma 4, involves the

estimation of a 2j0-dimensional parameter, of which n0(j0) elements are

nonzero a priori. The present proof operates by studying this particular

subproblem and showing that it would be be even harder when viewed in

the statistical estimation model.

We study several cases, depending upon whether this least favorable sub-

problem represents a \dense", \sparse", or \transitional" case. The phrases

\dense", \sparse", etc. refer to whether n0 � 2j0 n0 = 1, or n0 � 2j0(1�a),

0 < a < 1. In view of (32), we may con�ne attention to Besov norms

k � k, except in the critical Case III (which will again be deferred to the

Appendix).

Case I: The least-favorable ball is \dense": p 2 R

We describe a relation between the minimax risk over `p balls and the

quantity W (�; C). We have observations

vi = �i + � � zi; i = 1; : : : ; n (46)

where zi are i.i.d. N (0; 1) and we wish to estimate �. We know that � 2
�n;p(C). Because of the optimal recovery interpretation of W (�; C), the

following bound on the minimax risk says that this statistical estimation

model is not essentially easier than the optimal recovery model.

Lemma 9 Let �0 = �(�1)=2 � :08. Let n0 = n0(�; C; p
0
; p; n) be as in

Lemma 4. Then

inf
�̂

sup
�n;p(C)

Pfk�̂ � �kp0 � 1
2
�
1=p0

0 W (�; C; p0; p; n)g � 1� e
�2n0�

2
0 : (47)



18 D. L. Donoho, I. M. Johnstone, G. Kerkyacharian, D. Picard

Proof. Let n0 and �0 be as in Lemma 4. Let the si be random signs,

equally likely to take the values �1 independently of each other and of the

(zi). De�ne the random vector � 2 Rn via

�i =

�
si�0 1 � i � n0;

0 i > n0
:

Note that � 2 �n;p(C) with probability 1. Here and later, P� denotes the

joint distribution of (�; v) under the prior.

Because a sign error in a certain coordinate implies an estimation error

of size �0 in that coordinate, for any estimator �̂ we have

jj�̂ � �jjp
0

p0 � �
p0

0 N (�̂; �) (48)

where we set

N (�̂; �) =

n0X
i=1

If�̂i�i < 0g =
n0X
1

Vi(v; �i);

say. Let �̂�i be the Bayes rule for loss function If�̂i� < 0g, and let V �i be

de�ned as for Vi. Then

P�(V
�

i = 1jv) � P�(Vi = 1jv):

Conditional on v, the variables fVig are independent, as are fV �i g, and so

it follows that N (�̂�; �) is stochastically smaller than N (�̂; �). Hence

inf
�̂

P�fjj�̂ � �jjp
0

p0 � �
p0

0 ag � P�fN (�̂�; �) � ag:

From the structure of the prior and the normal translation family, it is

evident that the Bayes rule �̂�i (v) = sgn(vi)�0, so that

N (�̂�; �) = #fi : vi�i < 0g � Bin(n0; �)

where

� = P�fvi�i < 0g = Pf� � zi < ��0g � �(�1) = 2 � �0:

Choose c = n0�0 and note that by the Cram�er-Cherno� large deviations

principle, the number of sign errors is highly likely to exceed �0n0:

P�fN (�̂�; �) < �0n0g � e
�n0H(�0;2�0);

where H(�; �0) = � log(�=�0)+ (1��) log((1��)=(1��0)). As H(�; �0) �
2(� � �

0)2, we get

P�fN (�̂�; �) � �0n0g � 1� e
�2n0�

2
0 : (49)
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Hence (48) implies the bound

inf
�̂

P�fk�̂ � �kp0 � �0(�0n0)
1=p0g � 1� e

�2n0�
2
0 :

Recalling that n0 and �0 satisfy

W (�; C; p0; p; n) � �0(n0 + 1)1=p
0

and noting that sup� P (A) � P�(A) for any A gives the stated bound on

the minimax risk (47).

This lemma allows us to prove the dense case of Theorem 8 by choosing

the n-dimensional `p balls optimally. Using now the notation introduced in

the proof of Theorem 3, there is c0 > 0 so that for � < �1(C; c0) we can

�nd j0 giving


j0(�; C) > c0 �
(�; C): (50)

Let �(j0)(C) be the collection of all sequences �(j0) whose coordinates

vanish away from level j0 and which satisfy

k�(j0)kb�
p;q

� C:

For � in �(j0)(C), we have

k�kb�

p;q

= 2j0sk�kp;

geometrically, �(j0)(C) is a 2j0-dimensional `p-ball inscribed in ��
p;q(C).

Moreover, for �, �0 in �(j0)(C),

k� � �
0kb�0

p0;q0

= 2j0s
0

k� � �
0kp0

hence, applying Lemma 9, and appropriate reductions by su�ciency, we

have that, under the observations model (6), the problem of estimating

� 2 �(j0)(C) is no easier than the problem of estimating � 2 �n;p(2
�j0sC)

from observations (46), with noise level � = �, and with an `p
0

loss scaled

by 2js
0

. Hence, (47) gives

inf
�̂

sup
�(j0)

Pfk�̂ � �kb�0

p0;q0

� 1
2
2j0s

0

�
1=p0

0 Wj0(�; C2
�j0s)g � 1� e

�2n0�
2
0

Now


j0 = 2j0s
0

Wj0(�; C2
�j0s)

so from (50)

inf
�̂

sup
��

p;q
(C)

Pfk�̂��kb�0

p0 ;q0

� c0 ��
1=p0

0 �(1+1=n0)�1=p
0

�
(�; C)g � 1�e�2n0�
2
0

In the regular case, n0 = 2j0 !1 as �! 0, so that setting c = c0��0�(1�),
 > 0, we get (44).
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Case II: The least-favorable ball is \sparse": p 2 L

Our lower bound for statistical estimation follows from a special needle-

in-a-haystack problem. Suppose that we have observations (46), but all

the �i are zero, with the exception of at most one; and that one satis�es

j�ij � �0, with �0 a parameter. Let �n;0(1; �0) denote the collection of all

such sequences. The following result says that we cannot estimate � with an

error essentially smaller than �0, provided �0 is not too large. In the sparse

case, we have n0 = 1 and so this bound implies that statistical estimation

is not easier than optimal recovery.

Lemma 10 With � 2 (0; 2), let �0 <
p
(2� �) logn � � for all n

inf
�̂(v)

sup
�n;0(1;�0)

Pfk�̂(v) � �kp0 � �0=3g ! 1: (51)

Proof.We only sketch the argument. Let Pn;� denote the measure which

places a nonzero element at one of the n sites, I say, uniformly at random,

with a random sign. Let  = �0=�. By a calculation,

dPn;�

dPn;0
(v) = e

�2=2
n
�1�i cosh(�0vi=�

2); (52)

= e
�2=2

n
�1�i cosh(zi) + �n

�1
e
2=2

e
jzI j

; j�j < 1;(53)

where the constant � = �n() � 1. The �rst term converges a.s. to 1. Since

n
�1
e
�2=2

< n
��=2, the remainder term obeys the probabilistic bound

Pfejz1j > �n
�=2g � Pf

p
2 log(n)jz1j > log(n)�=2 + log(�)g ! 0:

Consequently

Pn;�fj1�
dPn;�

dPn;0
(v)j > �g ! 0:

Consequently, any rule has essentially the same operating characteristics

under Pn;� as under Pn;0 and must therefore make, with overwhelming

probability an error of size � �0=3 in estimating �.

To apply this, we argue as follows. Let � 2 (0; 2) and let j0 be the largest

integer satisfying p
(2� �) log2(2

j) � � � 2js � C

so that roughly j0 � s
�1 log2(C=�) + O(log(log(C=�))), and set �2j0 = (2�

�) log2(2
j0) � �2. Then for some a > 0,

�j0 � a �C � 2�j0s � < �1(C; a): (54)

Now, de�ne the random variable �(j0) vanishing away from level j0: �
(j0)

I =

0, I 62 I(j0); and having one nonzero element at level j0, of size �j0 and

random polarity. Then, from the previous lemma we have

inf
�̂

Pfk�̂(j) � �
(j)kp0 � �j0=3g ! 1
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as � ! 0. Since �(j0) 2 �(j0)(C) by the choice of j0, we also have

inf
�̂

sup
��

p;q

Pfk�̂ � �kb�0

p0;q0

� (�j0=3) � 2
js0g ! 1:

Using (54) gives

�j02
js0 � aC2�j0(s�s

0) = c2a �C
�
�

C

p
log(C=�)

�(s�s0)=s
(1 + o(1))(55)

� c2aC
1�r(�

p
log ��1)r(1 + o(1)); (56)

as � ! 0, which proves the theorem in this case.

1.7 Translation into Function Space

Our conclusion from Theorems 3-8:

Corollary 1 In the sequence model (6), the single estimator (40) is within
a logarithmic factor of minimax over every loss and every a priori class
chosen from the Besov and Triebel sequence scales. For a certain range of
these choices the estimator is within a constant factor of minimax.

Theorem 1 is the translation of this conclusion back from sequences to

functions. Fundamental to our approach, in section 1.3.1 above, is the

heuristic that observations (1) are essentially equivalent to observations

(6). This contains within it three speci�c sub-heuristics:

1. That if we apply an empirical wavelet transform, based on pyramid

�ltering, to n noiseless samples, then we get the �rst n coe�cients

out of the countable sequence of all wavelet coe�cients.

2. That if we apply an empirical wavelet transform, based on pyramid

�ltering, to n noisy samples, then we get the �rst n theoretical wavelet

coe�cients, with white noise added; this noise has standard deviation

� = �=
p
n.

3. That the Besov and Triebel norms in function space (e.g. Lp, Wm
p

norms) are equivalent to the corresponding sequence space norms

(e.g. f0p;2 and f
m
p;2).

Using these heuristics, the sequence-space model (6) may be viewed as

just an equivalent representation of the model (1); hence errors in estima-

tion of wavelet coe�cients are equivalent to errors in estimation of func-

tions, and rates of convergence in the two problems are identical, when the

proper calibration � = �=
p
n is made.

These heuristics are just approximations, and a number of arguments

are necessary to get a full result, covering all cases. We now give a detailed

sketch of the connection between the nonparametric and sequence space

problems.
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1.7.1 Empirical Wavelet Transform

1�. In (Donoho 1992a, Donoho 1992b) it is shown how one may de�ne a

theoretical wavelet-like transform �
[n] = Wnf taking a continuous function

f on [0; 1] into a countable sequence �[n], with two properties:

(a) Matching. The theoretical transform of f gives a coe�cient sequence

�
[n] that agrees exactly with the empirical transform �

(n) of samples

of f in the �rst n places. Here n is dyadic, and �[n](f) depends on n.

(b) Norm Equivalence. Provided 1=p < � < min(R;D), the Besov and

Triebel sequence norms of the full sequence �
[n] are equivalent to

the corresponding Besov and Triebel function space norms of f , with

constants of equivalence that do not depend on n, even though in

general �[n] depends on n.

In detail, this last point means that if f̂ and f are two continuous functions

with coe�cient sequences �̂[n] and �[n] respectively, and if k�k and jf j de-
note corresponding sequence-space and function-space norms, respectively,

then there are constants Bi so that

B0k�̂[n] � �
[n]k � jf̂ � f j � B1k�̂[n] � �

[n]k; (57)

the constants do not depend on f or n. In particular, the coe�cient se-

quences, though di�erent for each n, bear a stable relation to the underlying

functions.

2�: The empirical wavelet transform of noisy data (di)
n
i=1 obeying (1)

yields data

~yI = �I + � � ~zI ; I 2 In; (58)

with � = �=
p
n. This form of data is of the same general form as supposed in

the sequence model (6). Detailed study of the Pyramid Filtering Algorithm

of Cohen, Daubechies, Jawerth & Vial (1993) reveals that all but O(log(n))

of these coe�cients are a standard Gaussian white noise with variance �2=n;

the other coe�cients \feel the boundaries", and have a slight covariance

among themselves and a variance which is roughly, but not exactly, �2=n.

Nevertheless, the analog of (39) continues to hold for this (very slightly)

colored noise:

Pfsup
In

j~zI j �
p
2 log(n)g ! 0: (59)

In fact, our upper risk bound (41) depended on properties of the noise

only through (39), so this is all we need in order to get risk upper bounds

paralleling (41).

1.7.2 Risk Upper Bound

To see the implications, suppose we pick a function ball F(C) and a

loss norm j � j, both arising from the Besov scale, with indices �; p; q and
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�
0
; p
0
; q
0, respectively. Consider the corresponding objects ��

p;q and k � k in
the sequence space. (57) assures that sequence space losses are equivalent

to function space losses. Also, with �[n] the set of coe�cient sequences

�
[n] = �

[n](f) arising from f 2 F(C), for constants Ai, (57) yields the

inclusions

��
p;q(A0 �C) � �[n] � ��

p;q(A1 �C): (60)

Now suppose we estimate f by applying the prescription (40) to the

data (~yI)I2In , producing �̂
�
n. By (60), �[n](f) 2 ��

p;q(A1 � C). By (59), the

estimation error in sequence space obeys, with overwhelming probability,

k�̂�n � �
[n]k � 
(2tn) + �(n);

where 
 is the modulus for k �k over ��
p;q(A1 �C), etc. Combining with (57)

and Theorem 3 we get that with overwhelming probability, for large n,

jf̂�n � f j � 2B1 �
(2 � � �

r
2 log(n)

n
): (61)

Completely parallel statements hold if either or both j � j and F(C) come

from the Triebel scales with �0 > 1=p0.

To �nish the upper risk bound, we consider the case where j � j comes

from the Besov scale with 0 � �
0 � 1=p0 < min(R;D). We remark that if

f
(j) is a function whose wavelet transform vanishes away from resolution

level j and �(j) denotes the corresponding coe�cient sequence, then

b0k�(j)k � jf (j)j � b1k�(j)k; (62)

with constants of equivalence independent of f and j. See Meyer (1990,

page 46, Th�eor�eme 7). At the same time j � j is �-convex, � = min(1; p; q).

Hence, if f is a function whose wavelet coe�cients vanish at levels j > J ,

then

jf j� � b
�
1

X
j�J

k�(j)k�:

This bears comparison with

k�k = (
X
j�J

k�(j)kq
0

)1=q
0

: (63)

Now from n
1=��1=q0k�k

`
q0

n

� k�k`�n, valid for q0 � � and � 2 Rn, we have

jf j � C � (J + 2)1=��1=q
0

k�k:

Applying this in place of (57) gives, instead of (61),

jf̂�n � f j � b1 � log(n)1=��1=q
0


(2 � � �

r
2 log(n)

n
): (64)
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In the Triebel case, we use (32),

k�kf�
p;q

� Ck�kb�

p;min(p;q)

so that we may continue from the point (63) with min(p0; q0) in place of q0

to conclude that with overwhelming probability

jf̂�n � f j � b1 � log(n)1=��1=min(p0;q0)
(2 � � �

r
2 log(n)

n
): (65)

1.7.3 Risk Lower Bound

We remark again that the noise in the wavelet coe�cients (58) is exactly a

Gaussian white noise except forO(log(n)) terms which \feel the boundary".

Modifying the lower bound argument (44) by avoiding those coordinates

which \feel the boundary" does not change the general conclusion, only

the constants in the expressions. Hence (44) is a valid lower bound for

estimating the parameter vector � from observations (1).

To translate the sequence statement into a function statement (and com-

plete the proof of Theorem 1), we again distinguish cases.

1. In the case where the loss comes from the scale C(R;D), the transla-
tion follows from norm equivalence [(b) above].

2. For the case where the loss does not come from the scale C(R;D),
and (�0 + 1=2)p0 6= (� + 1=2)p, we use the single-level norm equiv-

alence (62). Because the lower bound (44) operates by arguing only

with objects �(j0) that are nonzero at a single resolution level j0, this

establishes the lower bound.

3. For the case where the loss does not come from the scale C(R;D), and
(�0 + 1=2)p0 = (� + 1=2)p, we use a more involved argument. Owing

to the regularity of the wavelets, we have, even when �0 < 1=p0, the

norm inequality

k�kb�0

p0 ;q0

� Cj
X
I

�I I jB�0

p0;q0

(66)

even though no inequality in the opposite direction can be expected.

Similar results hold in the Triebel scale. Consequently, lower bounds

on the risk in sequence space o�er lower bounds on the risk in func-

tion space. A careful proof of the inequality requires study of the

functions  I as constructed in together with arguments given there,

which depend on techniques of Meyer (1990, page 50 et. seq.). An-

other argument would use Frazier et al. (1991) to show that ( I)I is

a collection of \smooth molecules".
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Figure 1: Cascade structure of discrete wavelet transform

1.8 Appendix

A discrete wavelet transform. For the reader's convenience, we give

here a short account of a particular form of the empirical wavelet transform

W
n
n used in Section 1.1. Our summary is derived from Daubechies (1992,

Section 5.6), which contains a full account. The original papers by Stephane

Mallat are also valuable sources (e.g. Mallat (1989)).

We consider a periodised, orthogonal, discrete transform. Our imple-

mentation of this transform (along with boundary corrected and biorthog-

onal versions) are available as part of a larger collection of MATLAB rou-

tines, WaveLab, which may be obtained over Internet from the authors via

anonymous ftp from stat.stanford.edu in directory /pub/software.

The forward transform maps data y, of length n = 2J+1 onto wavelet

coe�cients w = (c(j0); d(j0); d(j0+1); : : : ; d(J)) as diagrammed in Figure 1.

If we associate the data values yi with positions ti = i=n 2 [0; 1], the

coe�cients fwjk : j = j0; : : : ; J ; k = 0; : : : ; 2j�1g may loosely be thought

of as containing information in y at location k2�j and frequencies in an

octave about 2j .

Thus d(j) is a vector of 2j `detail' coe�cients at resolution level j. [Note

that our convention for indexing j is the reverse of that of Daubechies' !]

Let Zr = f0; 1; : : : ; r � 1g: The operators Lj and Hj map Z2j onto Z2j�1

by convolution and downsampling:

c
(j�1)

k =
X
s

hs�2kc
(j)
s d

(j�1)

k =
X
s

gs�2kc
(j)
s : (67)

The summations run over Z2j , and subscripts are extended periodically as

necessary. The \low pass" �lter (hs) and \high pass" �lter (gs = (�1)sh1�s)
are �nite real-valued sequences subject to certain length, orthogonality and

moment constraints associated with the construction of the scaling function

� and wavelet  : longer �lters are required to achieve greater smoothness

properties. Daubechies (1992) gives full details, along with tables of some

of the celebrated �lter families. In the simplest (Haar) case, hs � 0 except

for h0 = h1 = 1=
p
2, and (67) becomes

c
(j�1)

k = (c
(j)

2k + c
(j)

2k+1)=
p
2; d

(j�1)

k = (c
(j)

2k � c
(j)

2k+1)=
p
2:
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However this choice entails no smoothness properties, and so is in practice

generally replaced with longer �lter sequences (hs).

Regardless of the value of j0 at which the cascade is stopped, the forward

transform W
n
n is an orthogonal transformation. Thus the inverse wavelet

transform may be implemented using the adjoint, yielding the equations

c
(j+1)
s =

X
k

hs�2kc
(j)

k + gs�2kd
(j)

k ; j0 � j � J; (68)

which in the Haar case reduce to

c
(j+1)
2r = (c(j)r + d

(j)
r )=

p
2; c

(j+1)
2r+1 = (c(j)r � d

(j)
r )=

p
2:

Since the �lter sequences (hs) and (gs) appearing in (67) and (68) are

of (short) �nite length, the transform and its inverse involve only O(n)

operations.

Unconditional bases and Besov/Triebel spaces. Again, for conve-

nience, we summarise a few de�nitions and consequences from the refer-

ences cited in Section 1.1. A sequence feng of elements of a separable Ba-

nach space E is called a Schauder basis if for all v 2 E, there exist unique
�n 2 C such that

PN

1 �nen converges to v in the norm of E as N ! 1.

A Schauder basis is called unconditional if there exists a constant C with

the following property: for every n, sequence (�j) and constants (�j) with

j�jj � 1,

jj
nX
1

�j�jej jj � Cjj
nX
1

�jej jj: (69)

Thus, shrinking the coe�cients of any element of E relative to an uncon-

ditional basis can increase its norm by at most the factor C.

Here is one of the classical de�nitions of Besov spaces. We follow DeVore

& Popov (1988). Let �
(r)

h f(t) denote the r-th di�erence
Pr

k=0

�
r
k

�
(�1)k

f(t + kh). The r-th modulus of smoothness of f in Lp[0; 1] is

wr;p(f ; t) = sup
h�t

jj�(r)

h f jjLp[0;1�rh]:

The Besov seminorm of index (�; p; q) is de�ned for r > � by

jf jB�
p;q

=

�Z 1

0

�
wr;p(f ;h)

h�

�q
dh

h

�1=q

if q <1, and by

jf jB�
p;1

= sup
0<h<1

wr;p(f ;h)

h�

if q =1. The Besov norm jjf jjB�
p;q

is then de�ned as jjf jjLp[0;1] + jf jB�
p;q
.
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An important consequence of the results of Lemari�e and Meyer is that

this norm is equivalent to the sequence norm (22). That is, given a wavelet

transform of su�cient regularity that associates to f coe�cients (�I (f)),

there exist constants C1; C2, not depending on f , so that

C1jjf jjB�

p;q
� jj�jjb�

p;q

� C2jjf jjB�

p;q
:

(For the original equivalence result on R see Lemari�e & Meyer (1986); for

a comprehensive development of the ideas see Frazier et al. (1991); for a

version applying to [0; 1], see Meyer (1991); and for the version adapted to

the statistical application in Theorem 1, see Donoho (1992b).)
The norm equivalence means that we may work with the sequence norms

(22) and (23). These are clearly solid and orthosymmetric in the sense (7)

(and so the unconditional basis property (69) for the original norm jjf jjB�

p;q
,

and all equivalent norms, follows.) Thus it is the wavelet transform that

renders the pleasant properties of soft thresholding in solid, orthosymmetric

norms applicable to the Besov and Triebel functions spaces of statistical

and scienti�c interest.

Proof of Theorem 3: Now we turn to the critical case p0 > p and

s
0
p
0 = sp. Let j�(�; C) denote the smallest integer, and j+(�; C) the largest

integer, satisfying

(C=�)1=(s+1=p) � 2j� � 2j+ � (C=�)1=s (70)

evidently, j� � log2(C=�)=(s + 1=p) and j+ � log2(C=�)=s. We note that,

from (26)


�(j) = �
r
C
(1�r)

; j� � j � j+

so that a unique maximizer j� does not exist, and exponential decay (31)

away from the maximizer cannot apply. On the other hand, we have that

for some �1 > 0,


�(j)=
�(j+) � 2��1(j�j+); j > j+ (71)


�(j)=
�(j�) � 2��1(j��j); j < j� (72)

which can be applied just as before, and so we focus on the zone [j�; j+].

We now recall the fact that


o � sup (
X
j

(2js
0

Wj(�; cj))
q0 )1=q

0

: (
X
j

(2jscj)
q)1=q � C:

Let (cj)j be any sequence satisfying cj = 0, j 62 [j�; j+] and satisfyingPj+
j�
(2jscj)

q � C
q. Using (29), and because in the critical case s0 = s(1�r)
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and r = 1� p=p
0,

(

j+X
j�

(2js
0

Wj(�; cj)
q0 )1=q

0

� (

j+X
j�

(2js
0

�
r
c
1�r
j )q

0

)1=q
0

= �
r(

j+X
j�

(2jscj)
q0(1�r))1=q

0

� �
r(j+ � j� + 1)eCC1�r

where the last step follows from kxk
`
q0(1�r)
n

� kxk`qn � n
(1=q0(1�r)�1=q)+ ; see

(37) below. Combining the three ranges j < j�, j > j+ and [j�; j+]


o � C1 � (log2(C=�))
eC � �rC(1�r) + C2 � �rC(1�r)

; � < �1(C):

When q0(1� r) � q, the upper bound is of order �rC1�r as in the non-

critical case, so that a lower bound for 
0 of the same order is obtained by

considering a single level as before. On the other hand, when q0(1� r) < q,

a lower bound combining levels j� to j+ is needed, so we let (c�j )j be the

particular sequence

c
�

j = 2�jsC(j+ � j� + 1)�1=q; ja � j � jb;

where we have set ja =
3
4
j� + 1

4
j+; jb =

1
4
j� + 3

4
j+. For such j, it follows

from (26) that W �
j (�; c

�
j ) = �

r(c�j )
1�r

: Then, as W � 2�1=p
0

W
�,

(

j+X
j�

(2js
0

Wj(�; c
�

j ))
q0 )1=q

0

� 2�1=p
0

(

j+X
j�

(2js
0

W
�

j (�; c
�

j ))
q0 )1=q

0

� c0 � (log2(C=�))
eC�

r
C
(1�r)

� < �1(C):

Proof of Theorem 5: Upper Bound. 1�. On the assumption that p0 �
q
0, the maximum of k�kp

0

f over � must lie among sequences f�jkg with

k! j�jkj decreasing in k for each j. This follows from the inequality

(a0 + b0)
� + (a1 + b1)

� � (a0 + b1)
� + (a1 + b0)

� (73)

valid for a0 � a1, b0 � b1 and � � 1, which in turn follows from convexity

of x ! x
� (� � 1). Inequality (73) shows that replacing f�jkg2

j
�1

k=0 by its

decreasing rearrangement can only increase k�kf 0 .
2�. Suppose that we freeze all coe�cients �jk except at level j = j0, and

maximise k�kf 0 subject to the constraints j�j0kj � � and
P

k j�j0kj
p � 

p.

Introduce variables xk = j�j0kjp=p and the function x(t) =
P

k xk�jk(t)

and write

f�(t) = ~ � (g(t) + x
q0=p(t)); ~ = 2s

0q0j0
q0
;
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where g(t) contains all the coe�cients from levels other than j0, and by the

previous step, both g(t) and x(t) may be taken to be decreasing in t. We

may thus regard k�kp
0

f as a function F (x) de�ned on the set D of decreasing

sequences x1 � x2 � � � � � xN � 0 (N = 2j0) with
PN

1 xk = 1. We have

@F

@xk

= ~
p
0

p

Z
Ij0k

(g + x
q0=p)(p

0=q0)�1 � x(q
0=p)�1

k :

If k0 > k, then from the hypothesis q0 � p and our monotonicity assump-

tions, @F=@xk � @F=@xk0 , and so F (x) is Schur-convex (e.g. Marshall

& Olkin (1979, Theorem A.3., p. 56)). It follows that the maximum of

F (x) over D \ fx : xk � �x
4
= (�=)p 8 kg is attained at the vector

x = (�x; : : : ; �x; ��x; 0; : : : ; 0) with 0 � � < 1 and
PN

1 xk = 1. Returning

to evaluation of 
0(�; C) and \unfreezing" the other coe�cients, it now

su�ces to maximise k�kf over � 2 �(C)\�0(�), where �0(�) is de�ned as

the set of (�jk) for which there exists a sequence (nj ; �j) with 0 � nj < 2j,

0 � �j � � and

�jk =

8<
:

� 1 � k � nj

�j k = nj + 1

0 nj + 1 < k � 2j
:

Let A be the collection of decreasing sequences with �j 2 f0g [ [2�j; 1]

and limj!1�j = 0. Given � 2 A, let nj = d2j�je and de�ne

�jk =

�
� if k � nj

0 otherwise.

Clearly

k�kp
0

f � �
p0
Z
(
X
j

2s
0q0j

Ift � �jg)p
0=q0

4
= N

0(�);

and since either nj = 0 or nj � 2:2j�j,

k�kqb = 2q=p�q
X

2sqj(2j�j)
q=p 4= 2q=pN (�):

De�ne now


#(�; C) = supfN 0(�) : � 2 A; N (�) � C
qg;

we have just established the left half of the estimates


#(�; c0C) � 
0(�; C)p
0

� 
#(�; c1C) (74)

with c0 = 21=p.
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For the right-hand estimate, assume that � 2 �(C) \ �0(�) and de�ne

jmax = supfj : nj > 0g <1, and

�j =

�
supf(n�� + 1)2��� : j � �� � jmaxg j � jmax

0 j > jmax
:

This construction guarantees that � 2 A, and since �j � �, and nj + 1 �
2j�j, we also have k�kp

0

f � N
0(�). To bound N (�), let fjLg be the locations

of jumps in f�jg : �jL+1 < �jL. Since �jL = (njL + 1)2�jL with njL � 1,

jLX
jL�1+1

2sqj(2j�j)
q=p � c(�s)2sqjL(2jL�jL)

q=p

� 2q=pc(�s)2sqjLn
q=p
jL

:

From this it follows that N (�) � 2q=pc(�s)k�kqb , which establishes (74) with

c1 = 21=pc1=q(�s).

Evaluation of 
#(�; C). For � 2 A, we have

N
0(�) = �

p0
X
j

Z �j

�j+1

(
X
���j

2s
0q0j)p

0=q0
dt

� c(s0q0)�p
0
X
j

2s
0p0j

�j
4
= c(s0q0)N 00(�):

We now maximise N 00(�) subject to N (�) � C
q. This constraint together

with the requirement that nonzero �j � 2�j implies that �j = 0 for j > j+

(as de�ned at (70)). Making the change of variable uj = (�C�12�sj�
1=p
j )q ,

and noting that in the critical case �sp = s
0
p
0, we have

N
00(�) = �

p0�p
C
p

j+X
j

u
p=q

j ;

and an upper bound to 
#(�; C) is obtained by maximising
P
u
p=q
j over

non-negative sequences fuj; j � j+g with
P
uj = 1 and uj � (�C�12�sj)q .

From (70), j� is the smallest value of j for which �C�12�sj � 1. When p < q,

supf
Pj+

j�
u
p=q
j :

Pj+
j�
uj = 1g = (�j)

1�p=q, where �j = j+ � j� + 1 �
log(C=�)=s(ps + 1). On the other hand, the constraint uj � (�C�12�sj)q

forces X
j<j�

u
p=q
j �

X
j<j�

[�C�12�sj�2��s(j��j)]p � c(�sp)

Combining the ranges below and above j�, we conclude that


#(�; C) �
c(s0q0)

[s(1 + sp)]1�p=q
�
p0�p

C
p(logC=�)1�p=q(1 + o(1)):
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On the other hand, the sequence �j corresponding to

uj = (�j)
�1
Ifja � j � j+g belongs to A and shows that in fact


#(�; C) � �
p0�p

C
p(logC=�)1�p=q.

Theorem 8: Case III: The least-favorable ball is \transitional": p 2 C

Our lower bound for statistical estimation follows from a multi- needle-

in-a-haystack problem. Here the variable n0 tends to 1, but much more

slowly than the size of the subproblems. Suppose that we have observations

(46), but that most of the �i are zero, with the exception of at most n0; and

that the nonzero ones satisfy j�ij � �0, with �0 a parameter. Let �n;0(n0; �0)

denote the collection of all such sequences. The following result says that,

if n0 � n we cannot estimate � with an error essentially smaller than

�0n
1=p0

0 , provided �0 is not too large. This again has the interpretation

that a statistical estimation problem is not easier than the corresponding

optimal recovery problem.

For the proof, and for later use, we introduce a prior distribution � on

(�i; i = 1; : : : ; n). Set �n = n0=(2n): Consider the law making �i i.i.d. taking

values 0 with probability 1��n, and with probability �n taking values si�0,

where the si = �1 are random signs, independent and equally likely to

take values +1 and �1. Then let vi be as in (46), and let  = �0=� be

the signal-to-noise ratio. The argument is similar in structure to that of

Lemma 9. Given an estimator �̂, count the number of errors of magnitude

at least �0=2:

N (�̂; �) =
X
i

Ifj�̂i � �ij > �0=2g:

Lemma 11 If n0 � A � n1�a, and, for � 2 (0; a) we have �0 �p
2(a� �) log(n) � � then there exist constants bi such that

inf
�̂(v)

P�fN (�̂; �) � n0=10g � 1� e
�b1n0

; (75)

inf
�̂(v)

sup
�n;0(n0;�0)

Pfk�̂(v) � �kp0 � (�0=2)(n0=10)
1=p0g � 1� 2e�b2n0 : (76)

Proof. The posterior distribution of �i given v satis�es

P (�i 6= 0jv) = (�ne
�2=2

cosh(v=�))=((1 � �n) + �ne
�2=2

cosh(v=�)):

Under our assumptions on �n and �0, �ne
�2=2

cosh(2) ! 0, so for all

su�ciently large n,

�ne
�2=2

cosh(v=�) < (1� �n); for v 2 [��0; �0]:

Therefore, the posterior distribution has its mode at 0 whenever v 2
[��0; �0]. Let �̂�i denote the Bayes estimator for �i with respect to the
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0� 1 loss function 1
j�̂i��ij>�0=2

. By the above comments, whenever �i 6= 0

and vi 2 [��0; �0], then the loss is 1 for the Bayes rule. We can re�ne

this observation, to say that whenever �i 6= 0 and sgn(�i)vi � �0, the

loss is 1. On the other hand, given �i 6= 0 there is a 50% chance that

the corresponding sgn(�i)vi � �0. Let �0 = �n=5. Then �0 � �n=4 =

P f�i 6= 0 & sgn(�i)vi � �0g=2. For the Bayes risk we have, because 0 <

�0 < 2�0 < P f�i 6= 0 & sgn(�i)vi � �0g, and H(�0; �) is increasing in �

for � > �0,

P�fN (�̂�; �)g < �0ng � e
�nH(�0;2�0) = e

�nH(�n=5;2�n=5): (77)

The same inequality holds for an arbitrary estimator �̂ since, just as in the

proof of Lemma 9, N (�̂; �) is stochastically larger than N (�̂�; �):

To obtain (76) we must take account of the fact that the prior � does

not concentrate on � = �n;0(n0; �0). However,

P (�c) = P f#fi : �i 6= 0g > n0g � e
�nH(2�n;�n):

De�ne �� = �(�j�); since

P��(A
c) � P�(A

c) + P�(�
c); (78)

we have

sup
�̂

P��fN (�̂; �) < �0 � ng � e
�nH(�n=5;2�n=5) + e

�nH(2�n;�n):

By a calculation, for k 6= 1, there is b(k) > 0 so that

e
�nH(�n;k�n) � e

�b(k)n�n = e
�b(k)n0;

as n0 !1. Because an error in a certain coordinate implies an estimation

error of size �0=2 in that coordinate,

N (�̂; �) � m =) k�̂(v) � �kp0 � (�0=2)m
1=p0

:

Hence, with m = �0n = n0=10,

inf
�̂

P��fk�̂(v) � �kp0 � (�0=2) � (n0=10)1=p
0

g � 1� 2e�b
0n0:

Finally (76) follows since supfP�(A) : � 2 �n;0(n0; �0)g � P��(A):

To prove the required segment of the Theorem, we begin with the Besov

case, and recall notation from the proof of the critical case of Theorem 3.

For j�(�; C) � j � j+(�; C), there are constants cj such that
Pj+

j�
2sjqc

q
j �

C
q. There corresponds an object supported at level j� � j � j+ and having
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n0;j nonzero elements per level, each of size �, satisfying �n
1=p

0;j � cj . This

object, by earlier arguments attains the modulus to within constants, i.e.

j+X
j�

(2js
0

�n
1=p0

0;j )q
0

� c
q0 (�); � < �1(C; �) (79)

A side calculation reveals that we can �nd 0 < a0 < a1 < 1 and Ai > 0 so

that for ja � j � jb; � < �1(C),

A12
j(1�a1) � n0;j � A02

j(1�a0):

De�ne now �j = �j�, where �
2
j = 2(1 � a1 � �) log 2j, and de�ne m0;j

such that �jm
1=p
0;j = cj. Then set up a prior for �, with coordinates van-

ishing outside the range [ja; jb] and with coordinates inside the range in-

dependent from level to level. At level j inside the range, the coordinates

are distributed, using Lemma 4, according to our choice of �0 � �j and

n0 � bm0;jc.
Let Nj � Bin(2j; �j) be the number of non-zero components at level j,

and let Bj = fNj � n0j = 2:2j�jg. On B = \Bj, it is easily checked that

jj�jjqb � C
q, and since

P (Bc
j ) � e

�2jH(2�j;�j ) � e
�cn0j ;

it follows that P�(�)! 1 as �! 0.

From Lemma 4, at each level, the `p
0

error exceeds (�j=2)(m0;j=10)
1=p0

with a probability approaching 1. Combining the level-by-level results, we

conclude that, uniformly among measurable estimates, with probability

tending to one, the error is bounded below by

k�̂ � �kq
0

�
jbX
ja

(2js
0

(�j=2)(m0;j=10)
1=p0)q

0

:

Now we note that

�jm
1=p0

0;j = �
(1�p=p0)
j �n

1=p0

0;j

hence this last expression is bounded below by

k�̂ � �k � �
(1�p=p0)
j � c0 �
(�):

In this critical case, r = (1 � p=p
0) and j� � log2(C=�)=(s + 1=p). Hence

with overwhelming probability,

k�̂ � �k � c
0 �
(�

p
log(C=�)):

In the case of Triebel loss, we use a prior of the sme structure, but set

�j � �0 = ��j : Also, in accordance with the proof of the modulus bound in

Theorem 5 we set �c = C(jb� ja)�1=q, m0j = (�c��10 2�js)p and n0j = [m0j].
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For given �̂, let Nj(�̂; �) = #fk : j�̂jk��jkj > �0=2g: Note also that when
a 6= 0 and (Ij) are arbitrary 0� 1 valued random variables

(
X
j

2ajIj)
� �

X
j

2a�jIj :

It follows that

jj�̂ � �jjp
0

f � (�0=2)
p0
Z
(
X
jk

2s
0q0j

Ifj�̂jk � �jkj � �0=2gIjk)p
0=q0

� (�0=2)
p0
Z X

jk

2s
0p0j

Ifj�̂jk � �jkj � �0=2gIjk

= (�0=2)
p0
X
j

2(s
0p0�1)j

Nj(�̂; �):

Let Aj = fNj(�̂; �) � m0jg. On A = A(�̂) = \jbjaAj , and referring to the

argument following (35),

jj�̂ � �jjp
0

f � (�0=2)
p0
X
j

2(s
0p0�1)j

m0j

� c2C
1�r

�
r
0(logC=�0)

1�p=q
;

� c3
(�
p
log ��1; C)

with the �nal inequality holding if q0 � p.

From (75), we conclude that P�(A
c)! 0 uniformly in �̂ and the conclu-

sion of the theorem now follows from (78). This completes the proof in the

transitional case; the proof of Theorem 9 is complete.
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